Abstract. The purpose of this note is to show that the set functions defined in [3] can be suitably extended to all subsets E of the unit disk D. In particular we obtain uniform nearly-optimal estimates for the following quantity
Introduction and results.
The (weighted) potential theory in C (see for example [2] and [4] ) is a powerful tool used to obtain estimates about the growth of subharmonic functions. This tool can also be applied to estimate the growth of analytic functions with great success. However in some problems related to special classes of analytic functions (e.g. Hardy classes, Bergman classes) it seems that we need other tools to obtain better bounds.
In [3] , when considering the stability problem for functions in Hardy classes, it is shown that other set functions defined there are more fitter in order to obtain good estimates. Let us briefly review the notations and results in [3] .
Let E be a non-Blaschke subset of the unit disc D of the complex plane C / , that is E contains a sequence (z j ) satisfying the condition
is the space of all holomorphic functions g on D for which g p < ∞, where
For convenience, from now on, we will denote H p (D) by H p . We define A p to be the functions in H p with norm 1, that is
In [3] , the following problem is considered: Find good (both upper and lower) bounds for the quantity
for positive ε and R in (0, 1). Let E 0 be the set of non-tangential limit points of E, that is points ζ of ∂D being such that there exists a sequence (z n ) in E which tends nontangentially to ζ, that is, such that
Let m(E 0 ) be the Lebesgue measure of E 0 as a subset of D. If m(E 0 ) > 0 then C p (E, ǫ, R) can be estimated using harmonic measures of E 0 (see Appendix in [3] ). In order to deal with the case m(E 0 ) = 0, some set functions M n (E) were introduced in Section 3 in [3] , using weighted finite Blaschke products
where Z n = {z 1 , . . . , z n }, and q(z) is a function provided by a result of Hayman [1] satisfying the following two conditions: q(z) = 0.
The set functions M n (E) are analogous to the set functions defined in (weighted) potential theory in D. If E is a compact subset in D then M n (E) can be defined using the potential theory in the unit disk as discussed in [4] . However when E is not relatively compact in D, it turns out that M n (E) are different from their counterparts in weighted potential theory for D (see Section 3 in [3] for more detailed).
The functions M n (E) as defined in [3] requiring q(z) to satisfy both conditions i) and ii) can not be extended to sets E with m(E 0 ) > 0. That is because when m(E 0 ) > 0, by the above mentioned result of Hayman, there is no function q(z) satisfying both i) and ii). However if we use any function q(z) satisfying condition ii) but not necessarily analytic, we can still define set functions M n (E) as in Section 3 in [3] .
The most natural function q(z) satisfying condition ii) is the function q(z) = 1 − |z|. Note that q(z) is not analytic, however it is independent of sets E. Hence we can define set functions M n (E) := M n (E) (we use the notation M to signify that we are using the special function q(z) = 1 − |z| in defining M n (E)) for any subset E of D. It turns out that these sets functions allow us to obtain uniform nearly-optimal estimates for a quantity similar to C p (E, ǫ, R). Let us state the result more explicitly in the below.
Fix from now on q(z) = 1 − |z|. Let E be any non-Blaschke subset of the unit disc D of the complex plane C / . Consider the following quantity
for positive ε and R in (0, 1). In view of (1.2), the quantity D p (E, ε, R) is natural to be considered. Define (1.5)
g(E, ǫ, R, q) = sup{ sup |z|≤R |B(Z n ; z)| : n ∈ N, Z n ∈ E n , |B q (Z n ; ζ)| ≤ ǫ ∀ζ ∈ E}. Theorem 1. There exists an absolute constant σ > 0, and there exist constants K, α, ǫ 0 > 0 depending only on p and R such that for all 0 < ǫ < ǫ 0 and any
Proof. By proof of Part 2 of Proposition 4 in [3] , there exists absolute constants C, σ > 0 such that
for any n big enough. The inequality holds uniformly for all non-Blaschke sets E. Now exploring the functions c p,k (Z n , z) in formula (2.2) in [3] shows that estimates (4.1) and (4.2) in [3] are still true with C p (E, ǫ, R) replaced by D p (E, ǫ, R). Then applying the proof of Theorem 4 in [3] completes the proof of Theorem 1.
